Final Exam — Functional Analysis (WIFA—08)
Monday 8 April 2019, 9.00-12.00h

University of Groningen

Instructions
1. The use of calculators, books, or notes is not allowed.

2. All answers need to be accompanied with an explanation or a calculation: only
answering “yes”, “no”, or “42” is not sufficient.

3. If p is the number of marks then the exam grade is G = 1 4 p/10.

Problem 1 (16 4+ 3 + 6 = 25 points)

Let S be any nonempty set and consider the normed linear space
B(S.K) = {£:5 K swplf@)] <o0f 1l = sl
re S

(a) Prove that (B(S,K),| - |l«) is a Banach space.
In the following, assume that S = {z,, : n € N} is infinite and countable.

(b) Show that V' = {f € B(S,K) : > 7 |f(z,)] < oo} is a linear subspace of
B(S,K).

(c) Define on V' the norm || f|l; = Y07, |f(z,)|. Are the norms || - [|; and || - [|o
equivalent on V'?

Problem 2 (3 + 3 + 8 + 8 + 3 = 25 points)

Provide the space ([0, 1], R) with the sup-norm:
[ flloe = Sup]\f(ﬂf)\-

z€[0,1
Consider the linear operator T': ([0, 1], R) — €([0, 1], R) defined by

t(l—x) f0<t<z<1,
z(1—t) f0<zx<t<1.

Tf(x) :/0 K(x,t)f(t)dt where K(z,t) :{

(a) Show that 7 is bounded. (Do not attempt to compute ||7°||!)
(b) Show that

Tf(x):(l—x)/mtf(t)dter/ (1— ) f(t) dt.

0

(c) Assume A # 0. Prove the following implication:

TP=A = )=y, [0)=0 f0)=0
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(d) Show that \, = 1/n’*r? with n € N is an eigenvalue of T" and compute the
corresponding eigenspace.

Hint: you may use without proof that the implication in part (c) is in fact an
equivalence.

(e) Show that 0 € o(T).

Problem 3 (5 4+ (9 4+ 3 + 3) = 20 points)

(a) Formulate the Closed Graph Theorem.
(b) Let X be a Hilbert space, and assume that the sequence (h,) in X satisfies

Z|($,hn)|2<oo for all z e X.
n=1

In addition, consider the linear operator
T:X =0 Tx=((x,h),(z, h), (z,h3),...).
Prove the following statements:
(i) T is closed;
(ii) T is bounded;
(ili) There exists a constant C' > 0 such that

> (@, ha)? < Cllzf* forall z € X.

n=1

Problem 4 (4 + 8 + 8 = 20 points)

(a) Formulate the Hahn-Banach Theorem for normed linear spaces.

(b) Consider the space C([0,1],K) with the sup-norm. Fix ¢ € [0, 1] and consider
the following linear maps:

Foe(0 1K) S K flp) = / o(t) dt,

g: (01, K) = K, glp) = ().
Show that ||f|| =1 and ||g|| = 1.
(c) Consider the linear subspace V' = span {1, z} and the linear map
h:V —K, h(a+bx) =a+b/2.

Apply the Hahn-Banach Theorem to h: is the object of which the existence is
asserted by that theorem unique?

End of test (90 points)
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Solution of Problem 1 (16 + 3 + 6 = 25 points)

(a)

Let (f,) be a Cauchy sequence in B(S,K). Then for all € > 0 there exists N € N
such that
n,m>N = ”fn—meOOS&‘

Let x € S be arbitrary. Then

nm =N = (@) = fm@)] < 50 fa@) = fn(@)] = [ fo = il < & (1)

which shows that f,(x) is a Cauchy sequence in K. Since K is complete
lim,, . fn(z) exists. Hence, we can define a function f : S — K pointwise

by setting f(x) := lim, o fn(2).
(7 points)

By letting m — oo in equation (1) we obtain that
nzN = |falz) = fl2)] <e
Since this inequality holds for all x € S, we obtain
n=N = |fu-fle<e (2)

which means that f, — f in B(S, K).
(7 points)

In particular, equation (2) also implies that fy — f € B(S,K). Since B(S,K) is
a linear space it follows that f = fy — (fxv — f) € B(S,K).
(2 points)

If f,g eV and A € K, then

Z|fxn + g9(,)] Z‘fxn‘+‘gxn Z|fxn‘+2‘gxn|<oo

and
Zw za)| = |A|Z|f 7a)| < 00,
n=1

which implies that f +g €V and A\f € V as well.

(3 points)

Define for n € N the following function:

1 if k<n,

fo: 5= K, f”<xk>:{o it k> .

On the one hand, we have that || f,|[; = n for all n € N (which also shows that

fn € V). On the other hand ||f,||.c = 1 for all n € N. Therefore, the norms
| - |1 and || - ||oc are not equivalent on V.
(6 points)
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Solution of Problem 2 (3 + 3 4+ 8 + 8 4+ 3 = 25 points)

(a) Observe that |K(z,t)] <1 for all (z,t) € [0,1] x [0,1]. Therefore, it follows for
all z € [0,1] that

1 1 1
i) =| [ Kos dt] < [ K@@ < [ 1ldt = 1)
Hence,
| T flloo = sup [T f(z)] < [|f]loo;
2€[0,1]
which shows that 7" is indeed bounded.
(3 points)

(b) We have that
Tf(x) :/0 K(z,t)f(t)dt

/Ox K, t) () dt + /1 K, t) f(t) dt

/t(l—x)f(t)dt+/ w(1— ) () dt

:(1—x)/0$tf(t)dt+x/ (L—1t)f(¢t)dt.
(3 points)

(c) If Tf = \f, then

)\f(x):(l—x)/:tf(t)dter/ (1—t)f(t)dt

_ (1—x)/omtf(t)dt—x/j(l—t)f(t)dt.

Since A # 0 it immediately follows that f(0) = f(1) = 0.
(2 points)

Differentiation gives
M) = — / CHp() dt+ (1 - 2)ef(z) - / (U= (@) dt - (1 — 2)f(2)
_ _/:tf(t) dt — /11(1 () dt.

(4 points)

Differentiating again gives

A'(x) = —xf(z) = (1 —2)f(z) = = f(z).

(2 points)
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(d) For )\, = 1/n?r? we obtain the boundary value problem:
f'(@) = —n’rf(z), f(0)=0, [f(1)=0.
The general solution of the differential equation is given by
f(z) = Acos(nmz) + Bsin(nnx).

(4 points)

The boundary condition f(0) = 0 implies that A = 0.
(1 point)
The boundary condition f(1) = 0 is satisfied for any constant B.
(1 point)
Hence, the eigenspace of T corresponding to the eigenvalue A\, = 1/n?7? is given
by ker (T"— \,) = span {sin(n7x)}.
(2 points)
(e) Since A, € o(T) for all n € N and \,, — 0 it follows that 0 € closo(T") = o(T).
(3 points)
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Solution of Problem 3 (5 + (9 + 3 4+ 3) = 20 points)

(a) Let X and Y be Banach spaces, let V' C X be a closed linear subspace, and let
T:V — Y be a linear map. If the graph of 7" is closed, then 7' € B(V,Y).
(5 points)

(b) ()

(i)

(iii)

Assume that x, — z in X and Tz, — y in 2. Then (z,,Tx,) — (z,y)
in the product space X x (2. We need to show that (z,y) € G(T), or,
equivalently, y = T'z.

Write y = (y1, Y2, Y3, - - - ). Note that the subscripts in x and y have different
meanings. One the one hand, we have for each fixed k € N that

(@, hi) — Y| < (T, b)) =yl = |[Txn —yll = 0 as n — oo,
k=1
(3 points)
On the other hand we have

(s i) = (2, 1)) = (0 — 2. 0] < [l — 2] [l =0 as n — oo,

(3 points)

By uniqueness of limits it follows that y, = (x, hy) for all £ € N, which
implies that y = T'z. We conclude that 7' is a closed operator.

(3 points)

Applying the Closed Graph Theorem with the Hilbert spaces X and Y = ¢?

and the closed linear subspace V' = X gives that 7" is a bounded operator.
(3 points)

Since T is bounded we have | Tz||*> < ||T|| ||z| for all z € X, or, equival-
ently,

> I m) P < IT) )%,
n=1

which means that we can take C' = ||T||*.
(3 points)
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Solution of Problem 4 (4 + 8 4+ 8 = 20 points)

(a)

(b)

Let X be a normed linear space and let V' C X be a linear subspace. If f € V",
then there exists ' € X’ such that F(v) = f(v) for allv € V and || F|| = ||f]|-
(4 points)

For ¢ € €([0, 1], K) we have that

1 1 1
/w)dt\s/ |¢<t>|dts/ 1l dt = [0l
0 0 0

With the function ¢(t) = 1 we have ||¢||oc = 1 and |f(¢)| = 1. Hence,

171 = sup L2y
o Tl

[f ()] =

(3 points)

(1 point)
For ¢ € €([0, 1], K) we have that

l9(@)| = [(c)| < sup |o(x)] = [|¢]lso-

z€[0,1]
(3 points)
With the function ¢(t) = 1 we have [|¢|l = 1 and |g(¢)| = 1. Hence,

gl = sup L2
p#0 HQPHOO

(1 point)

First observe that with ¢ = £ it follows that f(p) = g(¢) = h(p) for all ¢ € V.
(1 point)

In particular, it then follows that

h(e fe
1Bl = sup ()l _ sup | f (o)l
ee\(0} [|@lloe  wevifoy [[@lloo

< sp Oy

©eC([0,1],K)\{0} ”@”oo

But note that with ¢(t) = 1 we have ||¢|l = 1 and |h(p)| = 1, which implies
that ||l = 1.
(3 points)

We conclude that both f and g with ¢ = % are norm preserving extensions of h.
But note that f # g, since for (t) = t* we have f(¢) = 3 whereas g(¢) = 1.
Therefore, the norm preserving extension of h obtained by the Hahn-Banach
Theorem is not unique.

(4 points)
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